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Radial Basis Functions (RBF) network
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Radial Basis Functions (RBF) network

For basis expansion, functions are represented as expansions in basis
functions, x € RP:

M
fla) =" Bih (x;7;)
j=1

In single-hidden-layer neural networks

> h(z;y) =0 (y0+ 7 ©), where o(t) =1/ (1 +e~") (with M =1) is
the sigmoid function (logistic function)
» ~ parameterizes a linear combination of the predictors.
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Radial basis expansion generalize these ideas, by treating the kernel
functions K (&, x) as basis functions. This leads to the model

M

f(m>=Z S (&) B

< <|x—@>5j

M

where each basis element is indexed by

» location or prototype parameter §;
> a scale parameter \;.
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RBF network

To estimate {\;,¢&;,8;},7 =1,..., M, optimize the sum-of-squares
with respect to all the parameters:

n

min Z yiﬂoiﬂjexp((wigj)T(wigj))

2
B07(>‘.7 7§j VBJ' i=143=1 >\]

j=1
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Often, K is replaced by the renormalized radial basis functions:

K (= — &1 /)

hj Xr) = —
) SolL K (|l — &l /2)

The Nadaraya-Watson kernel regression estimator in R? can be viewed
as an expansion in renormalized radial basis functions,

Zy K (g, ;)
ZZ] 1 K (o, )

= Z Yihi (o
i=1

» a basis function h; located at every observation and coefficients y;
> M =n
F&in,ﬁi:yi,i:l,...,n
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Nonparametric classification

Wei Li (Syracuse University), MAT 758



knn classifier

For any given X = zg, we find the K closest neighbors to X = zq in
the training data, and examine their corresponding Y.

. 1 .
P(Y:J\X:ffo)zg E 1(y: = J)
1€Nk (x0)

Estimate the conditional probability for group j by the proportion out
of the k neighbors that are in group j.
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Kernel density classification

Suppose for a J class problem, we fit nonparametric density estimates
fi(X),j=1,...,J separately in each of the classes, and we also have
estimates of the class priors 7; (usually the sample proportions).

#;f (x0)

Pr(Y =j| X =) = — 30300
Sy Fifr (o)
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Nonparametric logistic regression

Let Y € {0,1}.

f(x):bg(Pr(YzOlXix))

Therefore, p(z) = Pr(Y =1|z) = %

Logistic (cubic) smoothing spline estimate is defined by
in—e(f ) +1log (1-+¢ 1 >))+é (£ ))de
min— mln Z ( (z;) + log e 5 x

» Ny, ..., N,: the natural cubic spline basis
» the basis matrix: N € R"*"™
» penalty matrix: ) € R™"*"

fl@) =325 N;(@)0;.
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p is the n-vector with elements p (x;;6), W is a diagonal matrix of
weights p (2i;0) (1 — p (243 6))

w = -NT(y —p) + 20
0*(=4(6)) _
—2gap7 = N WN+0

The gradient descent update and the Newton’s update are respecitively

g1 — g(F) 4 % (NT(y —p)y — )\Qg(k))

-1
gk+1) — g(k) 4 (NTW(k)N T /\Q) (NT(y —p®) — )\Qo(k))
—1 _
= (NTW(’“)N + Aﬂ) NTwW®) (Ng(k) FWE iy - p(k)))

= (NTWWN i m) TINTWHE 50
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iteratively reweighted (penalized) LS
-1
Newton’s update g+ — (NTW(k)N + )\Q) NTWE)zF)

—1 —
p(er1) _ (NTW(k)N n )\Q) NTW® (f(k) FWE iy - p(k))>

7’f 7 (k)

The Newton’s update fits a weighted smoothing spline to the adjusted
response z:

min RSS(f, ) Zwl 4 xi))2+)\/(f(2)(g;))2dw

Wei Li (Syracuse University), MAT 758 13



Nonparametric additive models
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In the regression setting, a generalized additive model has the form

E(Y|Xl,XQ,...,Xp):O[+f1(X1)+f2(X2)+"'+fp(Xp)

Let u(X) = E(Y|X). The generalized additive models:

g(u(X)) = a+ Z fi (X5)

» g(u) = p : additive model for Gaussian response data.

» g(p) = logit(u) or g(u) = probit(u) : logistic / probit additive
models for binary response data.

> g(p) = log(p) : log-additive model for Poisson count data.
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Fitting additive models

Y:Oé—l—ij(Xj)-i-E
=1

Penalized sum of squares:

2
n

> yi—a—ifj(xij) +§:Aj/(qu2>(tj))2dtj

i=1 j=1

where \; > 0 are tuning parameters.

The minimizer is an additive cubic spline model; each of the functions
f; is a cubic spline.

> « is not identified.
> assume » " | fj (2i;) = 0 for any j (thus & = §).
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Back-fitting algorithm

For any j, B(Y —a =3, fe(Xi)[X;) = f;(X;).

Suppose our univariate smoothing algorithm smooth(z,y) has been
chosen (smooth(z,y) = E(Y = y|Z = 2)).

We initialize fi, ..., fp (say, to all to zero), let & = y:
cycle over the following steps for j =1,...,p,1,...,p,...

» define the response r; = y; — & — Ek# fk (xig),i=1,...,n
» smooth fj + fitted smooth (x;,r), where

X; = (x}l, e Tpj), T = (7'}, cey ).
> center fj < fj — 5 iy fi (@)
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Generalized additive logistic regression

Pr(Y =1 X)

logP( Y =0[X) =n@)=a+ fi(X1)+-+ fp (Xp)

smoothing splines solution:
PR
—argmmZ( (x4 —|—log<1+e 7’“”))> §Z/<f(2 ) dt;
f,. 7fp i=1 j=1

Algorithm: IRLS (iteratively reweighted least squares) + weighted
backfitting

> update adjusted response {z;} and weights {w;} (IRLS loop)
> update components {f;} (backfitting loop)
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Inference

Let B(Y = 1]X) =60 + Y0, fi(X;).

> {0 k=1,...,M;}

> hj={hjx:k=1,...,M;}

> 0:(007017"'70;)T

» H be the n x (1 4+ M) basis matrix (M = Z]]Vi1 M;).
For fj(x;) = h (x;)6;,

> variance var(f;(z;)) = h) (z $3.5h ().
)

i)
> 33, is the correspondlng (6 ub matrix of 3

> cov(d):=S=(HH)!

> pointwise confidence interval (biased): f;(z;) 4 Za/2 var(fi(z;)).
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Inference (logistic regression)

Let logit(Pr(Y = 11X)) = 6o + >7_, f;(X;),
M;
Fi(x) = 32021 Ojkhie ()
> {0y k=1,...,M;}
> hj Z{hjktk: 1,...,Mj}
> 0= (007917"'70;)T
> H be the n x (1 4+ M) basis matrix (M = Z]]Vil M;).

cov(é) == (H'"WH) ™!
For f;(x;) = h;'r(xj)éj’
> variance var(fj(xj)) = h;-r(l'j)ij,jhj(wj)'

> pointwise confidence interval (biased): f;(z;) 4 za/m/var(fj(xj)).
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Alleviation of the Curse of Dimensionality

If the true function is additive, and each component function is s-times

differentiable, then the optimal MSE rate achievable becomes
pn—2s/(2s+1).

» p does not appear in the exponent in the rate
» p times univariate optimal rate!

See later on deep neural network, the curse of dimensionality can be circumvented if f
has a composition and sparse structure.
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Variable selection in nonparametric regression
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Variable selection in nonparametric regression

f@)=Bo+ Y fi(z))

j=1
Claim X; as unimportant if the function f; =0

Two-way interaction model

f(z) = Bo+ ij (@) + Y Fk (a5, 2p)

j<k
The interaction effect between X; and X}, is unimportant if f;, = 0.

» Multivariate Adaptive Regression Splines (MARS) (Friedman
1991)

> Classification and Regression Tree (CART, Brieman 1985) (not
quite do the job)

» Group-LASSO Methods (Huang et al. 2010)

» Sparse Additive Models (Ravikuma et al. 2009)

» Sparse logistic additive models
Wei Li (Syracuse University), MAT 758 23



	Radial Basis Functions (RBF) network
	Nonparametric classification
	Nonparametric additive models
	Variable selection in nonparametric regression

